We analyze some aspects of the kinematic theory of non-uniformly defective elastic crystals. Concentrating on the problem of identifying continuous defective lattices possessing the given defectiveness, as defined by the dislocation density tensor, we investigate the relation between the dislocation density tensor and the Lie algebra of vector fields associated with a defective lattice.
Introduction
In a recent paper on the kinematic theory of continuously defective elastic crystals [1] , we showed how the state space of an elastic crystal body can be identified with a homogeneous space of the Lie group acting on the underlying body manifold. The main premise of this approach to modeling defects in solids is that the state of a defective continuum is defined by a frame, that is, a collection of three linearly independent smooth vector fields on R 3 . It is assumed that such a frame represents an averaged lattice structure of the underlying solid. Its point-wise defectiveness is "measured" by the dislocation density tensor, an object depend on the characteristics of the Lie algebra of vector fields on R 3 generated by the given frame.
The main developments of the kinematic theory of defective solids concerned so far primarily the uniformly defective crystals, that is, the states with the property that the dislocation density tensor is constant throughout the body; see for example [2] , [3] . The reason for this is that when the defectiveness of a solid is material point independent the body manifold, R 3 in our case a , can be equipped with the (local) Lie group structure so that the vector fields of the frame are invariant under its right action on itself. This simple fact allows one to use the power of the theory of Lie groups to analyze in a systematic way the properties of such crystal states, in particular, the central issue of symmetries. On the other hand, when the lattice frame is such that its dislocation density tensor is material point dependent the said group structure is no longer available. That is, as discussed in [1] , although the underlying body manifold cannot be identified with a Lie group it can be shown to be diffeomorphic to a properly selected homogeneous space. The said homogeneous space reduces to a Lie group when the dislocation density tensor becomes point independent.
In this short note we discus the relation between the defectiveness of the nonuniform crystal state and the properties of the its Lie algebra generated by the corresponding vector fields of the (lattice) frame. Restricting our analysis to some specific classes of imprimitive Lie algebras of vector fields b on R 3 , we show that the dislocation density tensor does not, in general, define uniquely the corresponding continuous lattice. That is, the same dislocation density tensor may represent a variety of different defective crystal states with different geometric and/or algebraic characteristics. We also discuss how imposing some extra "symmetry" condition on the lattice, such as its invariance under the action of the isotropy group, affects the choice of the lattice frames. The analysis presented in this note is by no means complete. A more thorough analysis of the relation between the dislocation density of an elastic crystal and the geometric characteristics of the state it represents, as well as the mechanical interpretation of the results of our analysis, will be presented in the forthcoming work [4] .
Continuously Defective Elastic Crystals
In the kinematic theory of defective elastic crystals as proposed by Davini [6] , the kinematic state of a continuous solid is assumed to be given by a smooth frame, called a lattice frame, or simply a lattice, on R 3 , that is, a choice of three linearly independent vector fields l i : R 3 → R 3 , i = 1, 2, 3, where the tangent space to R 3 is identified with R 3 . The defectiveness of the lattice l i at the point x ∈ R 3 is given by the dislocation density tensor c the components S ij (x) of which can be calculated a As we consider here only local problems, this assumption is without any loss of generality. b It would be more correct to say that we restrict the choice of the infinitesimal generators which in turn restricts the class of the Lie algebras of vector fields thus generated. c Note that the dislocation density tensor is not a tensor in a classical sense.
from the relations
where d i (x) is the Euclidean dual to l i (x) frame and where n(
is the corresponding volume element. It can be shown, [5] , that if the lattice l i is such that its value at the origin 0 ∈ R 3 is the standard orthonormal frame and the dislocation density tensor S ij (x), i, j = 1, 2, 3, is point independent then
where jkl is the classical alternating tensor, C i kl are the Lie algebra constants of the Lie algebra of vector fields generated by the lattice (frame) l i (x), and the standard summation convention is used. Consequently, one can view the underlying space R 3 as a Lie group with the group operation ψ :
where ∇ 1 ψ(·, y) denotes the Jacobian of ψ with respect to the first variable. The requirement that the dislocation density tensor S ij (x) is constant throughout the body turns out to be an integrability condition for the system of equations (3), see [2] , guaranteeing that there is a smooth, invertible (in each variable separately) and associative solution. More generally, any diffeomorphism φ : R 3 → R 3 , when acting on a lattice l i induces, via its tangent map φ * , another lattice l i ≡ φ * (l i ) in such a way that the defectiveness is preserved, i.e.,
where S ij denote the components of the dislocation density tensor of the new lattice. In short, we say that the lattices l i and l i are elastically related if there is a diffeomorphism of R 3 such that the lattices are related by the corresponding tangent map. Note, however, that not every two lattices having the same defectiveness, as measured by the dislocation density tensor, are necessarily elastically related, [6] .
When one allows continuum lattices with material point dependent defectiveness, the identification of R 3 with a Lie group is no longer available. However, assuming that the continuous lattice l i (x), i = 1, 2, 3, determines uniquely a finite dimensional and complete subalgebra l of the algebra of smooth vector fields on R 3 , there exists a simply connected Lie group, say G, contained in the group of diffeomorphisms of R 3 as an abstract subgroup, acting smoothly on R 3 , [7] . The Lie algebra g of the group G is homomorphic to the algebra l while the base space R 3 can be identifies in a natural way with the homogeneous space G/G 0 (see for example [7] ) where G 0 is the isotropy group of the action of G on R 3 at the origin, for example. The dislocation density tensor of such a lattice satisfies formally the relations (2) except for the fact that the said relations are, in general, point dependent. Indeed, if the lattice frame l i (x) generates a Lie algebra of dimension higher than three the Lie brackets are given by
where the coefficients C i jk (x), i, j, k = 1, 2, 3, may no longer be the Lie algebra constants as the commutators are not necessarily linearly dependent on the lattice fields l k (x).
The relation between the coefficients C k ij (x) and the Lie algebra constants of the algebra g (or the subalgebra l) mirrors how the group G of the homogeneous space G/G 0 acts on the underlying space R 3 . Indeed, let Λ :
for every g ∈ G. Pulling back the vectors fields l i (x) to the algebra g by the tangent map Λ(x) * at the unit of the group G, we obtain the vector subspace D ⊂ g spanned by the induced basis l i where
Extending the vector space D to the whole group G by the right translations, we form a three dimensional, right-invariant, distribution D : G → T G. Although the distribution D is right-invariant under the action of the whole group G it is not necessarily invariant under the action of the isotropy group G 0 ; the issue we shall look closer at in the subsequent section. Still, the tangent space T G is the direct sum of the distribution D and the tangent space to the fibers of the projection
In particular, g = D ⊕ g 0 where g 0 denotes the Lie algebra of the isotropy group G 0 . Finally, taking into account the fact that the Lie bracket of the right invariant vector fields is right invariant and that when projecting from the group G onto the homogeneous space R 3 ∼ = G/G 0 the vertical components of the tangent space T G get annihilated, one is able to show (see [1] for details) that:
, define a continuous lattice with the dislocation density tensor S ij (x), x ∈ R 3 , which is material point dependent, in general. Suppose l i (g) represent the value of the vector fields on T G at g ∈ G obtained from l i ∈ g (see (7)) by the right translation by G, and v kl (g) are the vertical components of the decomposition of the Lie brackets in T G, that is,
for some C i kl : G → R. Then, given x ∈ R 3 and h ∈ G such that x = Λ(h, 0),
Note that the fact that the coefficients of the dislocation density tensor are base point dependent is an illustration of the geometric fact that although the distribution D is invariant under the action of the group G on its tangent space T G, its projection onto R 3 ∼ = G/G 0 , that is the lattice frame fields l i (x), i = 1, 2, 3, are not invariant under the action Λ of the group G on R 3 .
Continuous Crystals Possessing the Given Defectiveness
In the last section we have discussed the derivation and the properties and the properties of the dislocation density tensor S ij (x); the point-wise measure of the defectiveness of a continuous crystal lattice l i (x), i = 1, 2, 3. In this section we shall consider the inverse problem, that is, what are the lattice frames corresponding to a priori given field of dislocation densities. More precisely, we shall investigate the uniqueness (or rather non-uniqueness) of such frames, modulo a local change of coordinates. A somewhat similar question regarding the existence of the so-called neutral deformations d was investigated in [10] and [11] with no reference to the properties of the corresponding Lie algebras.
When a continuous lattice l i (x) is uniformly defective its constant dislocation density tensor S ij ≡ S ij (x) is in one-to-one correspondence with the Lie algebra constants of the Lie sub-algebra of vector fields the frame l i (x) generates. Thus, it defines uniquely (up to an isomorphism) the corresponding Lie algebra l. On the other hand, if one allows crystal states with varying defectiveness to participate, such a correspondence is, in general, lost. Not only that the components of the dislocation density tensor are no longer the Lie algebra constants but, as we showed in the Proposition 1, Eq. (10), a part of the information about the Lie algebra the frame generates, in particular, the algebra g 0 of the isotropy group, is no longer readily available. Thus, it is only natural to ask: what are the lattice frames possessing the given defectiveness (the dislocation density tensor).
The issue of the choice of frames consistent with the given dislocation density tensor is somewhat reminiscent of the local classification problem for Lie algebras of vector fields on R 3 . Such a classification would normally be dealt with according to wether the Lie algebra l the lattice generates is primitive or imprimitive, where by a primitive Lie algebra of vector fields we mean an algebra l such that there is no one-or two-dimensional distribution in R 3 invariant under the action Λ of the corresponding group G e . A Lie algebra which is not primitive is called imprimitive and thus acting invariantly on a distribution on R 3 . As all primitive Lie algebras of vector fields on R 3 are already classified, [8] , we shall restrict our attention to imprimitive Lie algebras, in particular, as they seem to represent a class of dislocated state of an elastic crystal called a slip, [10] .
In this note we do not intend to present the complete solution to the problem of identifying frames of the given defectiveness, reserving a more thorough presentation to the future work. Thus, we shall discuss the issue of non-uniqueness of lattice frames possessing the given dislocation density tensor, by means of a few examples so selected as to illustrate the relevant, in our opinion, issues. To this end, let us d In a nutshell, a neutral deformation is a deformation of the elastic crystal which preserves the dislocation density tensor, and the list of other elastic invariants, but does not come from a diffeomorphism of R 3 . For the precise definition see [9] . e Usually, one should distinguish between primitive and locally primitive Lie algebras. However, as we deal here with the local equivalence problem only, this distinction is unnecessary.
consider first a class of frames on R 3 generated locally by the vector fields
The dislocation density tensor of such a continuous lattice is
Calculating the corresponding commutators one can easily see that the given frame generates a three-dimensional Lie algebra if and only if the coefficients functions a and b are linear in y, and it is holonomic if they are z dependent only. Conversely, elementary calculations show that:
Proposition 2. Every continuous lattice characterized the dislocation density tensor (12) is generated by the vector fields
where a(z) and b(z) are arbitrary functions. The corresponding Lie algebra l is of dimension three if and only if the algebra l is of dimension three, in which case, the dislocation density tensor is point independent. Otherwise, the algebras l and l may have different dimensions.
Remark 3. Note that the Proposition 2 does not address the very relevant issue of the existence of lattice frames with prescribed defectiveness distribution as given by the dislocation density tensor. For example, consider the problem of finding lattice frames such that the corresponding Lie algebra l preserves a two-dimensional, not necessarily integrable, distribution. In fact, one can show that such an algebra can be generated (locally) by the frame
In addition, one can show that if the corresponding algebra l is to act invariantly on the distribution ∂ x , a(x, y, z)∂ x + ∂ y the coefficient γ may only depend on z.
Finding explicitly the lattice frame (14) hinges on solving a system of two nonlinear second order partial differential equations for the functions a and α, β when γ(z) is selected arbitrarily. Incidently, if one assumes that the given invariant foliation is z independent, that is, if the function a is x and y dependent only, one can show in a constructive way that the solution is always available. That is, given the dislocation density tensor S ij (x, y) such that S 3j = 0 for j = 1, 2, 3, there exist always lattice frames of the prescribed dislocation density, [4] .
To look closer at the question of the dimension of the algebra l corresponding to the given dislocation density tensor, we consider the reductive Lie algebras. This is an interesting class of crystal states possessing an additional symmetry induced by a subgroup of the group G acting on R 3 . We say that the Lie algebra l is D-reductive, where D = span{l 1 , l 2 , l 3 } f , if the distribution D is invariant under the action of the subalgebra g 0 of the isotropy group G 0 . In other words, l is D-
Hence, by a D-reductive frame we mean a lattice frame the Lie algebra generated by is D-reductive. Looking back at the algebras generated by the frame (11) , and recognizing the fact that its four generator l 4 = a y ∂ x + b y ∂ y , we obtain through rather elementary calculations the following conditions for the coefficients a(y, z) and b(y, z).
Proposition 4.
A Lie algebra l of vector fields on R 3 generated by the frame (11) is D-reductive if and only if
where the constant a 0 and the functions a 2 (z) and b 2 (z) are arbitrary while functions a 1 (z) and b 1 (z) are determined from the system of ordinary differential equations
Although we have shown in Proposition 4 what is the form of the dislocation density tensor of the frames (11) if the corresponding Lie algebra l is to be Dreductive, it is still not quite clear if a non-reductive lattice frame could not be represented by the same dislocation density tensor, that is, if it could not have the same dislocation density. To investigate this issue, we consider separately two cases. Namely, first we shall assume that the function a(y, z) of Eq. (15) is linear in y (a 0 = 0). Then, any lattice frame having the same defectiveness is generated by
where the functions a 2 (z), b 2 (z) are arbitrary while the functions a 1 (z) and b 1 (z) are solutions to the system of equations (16) 
represent a D-reductive lattice frame generating an algebra l. Then, any other frame having the same dislocation density tensor is D-reductive and it generates a Lie algebra isomorphic to l.
f Note the we use the same notation D as for the vector subspace of the Lie algebra g spanned by the induced basis l i , (7). g In general, a Lie algebra, say h is called reductive if there exists a vector space V and a Lie subalgebra h 0 such that h = h 0 ⊕ V and [h 0 , V] ⊂ V. Hence, if the algebra l is D-reductive then it is also reductive. However, even if l is not D-reductive it may still be reductive.
On the other hand, if a 0 = 0 and a(y, z) is of the second order in y, only the lattice frames ∂ x , ∂ y , (a 0 y 2 + a 1 (z)y + a 2 (z))∂ x + (b 1 (z)y + b 2 (z))∂ y + ∂ z
have the same defectiveness as the original D-reductive frame (14). However, simple calculations lead to the following conclusion. 
where a 0 = 0, represents a D-reductive frame (20). Then any other frame l i having the same dislocation density tensor generates a non-reductive (D-non-reductive) unless the corresponding coefficients are such that b 2 (z) = b 2 (z). Moreover, if the new frame is non-reductive ( b 2 (z) = b 2 (z)) the algebra it generates is at least of dimension five.
